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Abstract

Qualitative Choice Logic (QCL) is a convenient tool for representing and reasoning
with “basic” preferences. However, this logic presents some limitations when dealing
with complex preferences that, for instance, involve negated preferences. This paper
proposes a new logic that correctly addresses QCL’s limitations. It is particularly
appropriate for handling prioritized preferences, which is very useful for aggregating
preferences of users having different priority levels. Moreover, we show that any set
of preferences, can equivalently be transformed into a set of normal form preferences
from which efficient inferences can be applied.

1 Introduction

Decision analysis and Artificial Intelligence have been developed almost separately. Deci-
sion analysis is concerned with aggregation schemes and has relied mostly on numerical
approaches, while Artificial Intelligence deals with reasoning and has an important logically
oriented tradition [5]. Artificial Intelligence methods can contribute to a more implicit and
compact representation of “agent’s” preferences. This line of research has been recently
illustrated in various ways by Al researchers [9, 7, 12, 2].

Recently, a new logic for representing choices and preferences has been proposed [1]. This
logic, called Qualitative Choice Logic (QCL), is an extension of propositional logic. The
non-standard part of QCL logic is a new logical connective X, called Ordered disjunction,

*Ce délivrable contient les fondements de la logique QCL. Le rapport est accepté & ECSQARU-2007.
European Conference on Symbolic and Quantitative Approaches to Reasoning with Uncertainty, ECSQARU
2007, Hammamet, Tunisia, pp 635-647.



which is fully embedded in the logical language. Intuitively, if A and B are propositional
formulas then A X B means: “if possible A, but if A is impossible then at least B”. As
a consequence, QCL logic can be very useful to represent preferences for that framework.
However, it presents some limitations. Assume that we want to represent the options con-
cerning a travel from Paris to Vancouver. Assume that a travel agency has the following
rules “customers preferring Air France to KLM also buy a hotel package” and “customers
preferring KLM to Air France do not buy a hotel package”. When a travel agency meets a
customer that actually prefers Air France to KLM, the expected behavior of its information
system is to propose a hotel package to that customer. Unfortunately, the QCL logic does
not allow us to infer such a conclusion. It will infer both that a package should and should
not be proposed.

In fact, the way negation is handled in QCL logic is not fully satisfactory. In QCL when
a negation is used on a QCL formula with ordered disjunctions, that negated QCL for-
mula is logically equivalent to a propositional formula obtained by replacing the ordered
disjunction (X) by the propositional disjunction (V).

This is really a limitation, since for instance QCL does not make a distinction between
the three rules: “Air France x KLM = FirstClass” (people preferring Air France to KLM
travel in first class), “KLM X Air France=FirstClass” (people preferring KLM to Air
France travel in first class) and “Air France V KLM = FirstClass” (people flying on Air
France or KLM travel in first class). In their two page short paper [4] these limitations of
QCL have been informally advocated, however no rigorous solution is proposed.

This paper proposes a new logic called PQCL (Prioritized Qualitative Choice Logic). It
is a new logic in the sense that negation, conjunction and disjunction departs from the
ones used in standard QCL. However, it is based on the same QQCL language. Our logic
is dedicated for handling prioritized preferences and its inference relation correctly deals
with negated preferences. In many applications, agent’s preferences do not have the same
level of importance. For instance, an agent who provides the two preferences : ” I prefer
AirFrance to KLM”, and ” T prefer a windows seat to a corridor seat”, may consider that
the first preference statement is more important that the second preference statement. Our
logic can manage such prioritized preferences using prioritized conjunction, and disjunc-
tion.

One of the strong point of the PQCL logic proposed in this paper, is that its inference
relation can be constructed in two equivalent ways. The first way is based on inference
rules that define the satisfaction degree for any formula. The second way is based on a
normal form function that equivalently transforms any set of preferences into a set of nor-
mal form preferences, from which efficient inferences can be applied. Indeed, having a set
of preferences in a normal form allows us to reuse various non-monotonic approaches such
as possibilistic logic [10] or compilation of stratified knowledge bases [16].

The rest of this paper is organized as follows. First, we recall QCL language, and we
describe QCL logic limitations. Then, we introduce our new logic, called PQCL, that
deals with prioritized preferences. We present the inference relation for our PQCL logic



and show how PQC'L theories can be transformed into normal form theories. Last section
concludes the paper.

2 The QCL language

This section presents the QCL language, which is in fact composed of three encapsulated
sub-languages: Propositional Logic Language, the set of Basic Choice Formulas (BCF')
or normal form preferences and the set of General Choice Formulas (GCF'). These sub-
languages are presented in the following subsections.

2.1 Basic Choice Formulas (BCF)

Let PS denotes a set of propositional symbols and PROPpg denotes the set of propo-
sitional formulas that can be built using classical logical connectives (<, =, A, V, ) over
PS.

Basic choice formulas are ordered disjunctions of propositional formulas. They propose a
simple way to order available alternatives. Given a set of propositional formulas a1, as, ..., a,,
the formula ajXasX ... Xa,' is used to express and ordered list of alternatives: some a;
must be true, preferably ai, but if this is not possible then aso, if this is not possible ag,
etc.

The language composed of basic choice formulas is denoted by BCFpg, is the smallest set
of words defined inductively as follow:

1. If $ € PROPpg then ¢ € BCFpg
2. If ¢, € BCFpg then (¢pxv) € BCFpg

3. Every basic choice formula is only obtained by applying the two rules above a finite
number of times.

BC'F formulas represent simples alternatives between propositional formulas. In the rest of
this paper BC'F formulas are also called normal form formulas. The language of basic choice
formulas has strong relationships with possibility theory, in particular with guaranteed
possibility distributions, (see [1] for more details).

2.2 General Choice Formulas (GCF)

General Choice Formulas represent any formula that can be obtained from P.S using con-
nectors X, A,V,— on propositional formulas. The language composed of general choice
formulas, denoted by QCLpg, is defined inductively as follows:

1. If ¢ € BCFpg then ¢ € QCLpg
2. If p,» € QCLpg then (¢ A),=(¢), (P V1), (6x) € QCLpsg.

'The operator X is associative. Hence, a1XazX ... Xa, is used as a shorthand for
((( @1 xaz2)xag)...Xan...))) .




3. The language of QQCLpg is only obtained by applying the two rules above a finite
number of times.

GCF formulas represent the whole set of formulas that can be built using four connectives
(X, AV, 7).

Example 1 The formula “AirFrance X KLM” is a Basic Choice Formula, while the for-
mula “(AirFrance X~ KLM)V (Class 1 X Class 2)” is a General Choice Formula.

For lake of space, we do not recall the inference process for QCL language. See [1] for a
full description of QC'L.

3 Limitations of QCL

As advocated in the introduction, the original QCL inference relation has a couple of
(intuitively) undesirable properties. In the scope of a negation symbol or when occurring in
the antecedent of a (material) implication, ordered disjunctions have not got their intended
preferential reading. In fact, negated QC'L formula is equivalent to plain propositional
formula, obtained by replacing ordered disjunction by a standard disjunction, for instance

=(a1XagX ... Xap) = a1 A —ag A ... A =ay,.

This means that, the double negation of any QC'L formula is not equivalent to that formula,
namely ——(¢) is not equivalent to ¢. As a negative consequence, QCL does not make
distinction between the following three rules :

1. —(AirFrance X KLM) V FirstClass,
2. =(KLM X AirFrance) V FirstClass,
3. =(AirFrance V KLM) V FirstClass.

They are all equivalent to the propositional formula (=AirFranceA—KLM)VFirstClass.
4 Prioritized Qualitative Choice Logic (PQCL)

This section proposes a new logic called Prioritized Qualitative Choice Logic (PQCL),
which is characterized by new definitions of negation, conjunction and disjunction that are
useful for aggregating preferences of users having different priority levels and overcome the
QCL limitations. As in standard propositional logic, an interpretation I is an assignment
of the classical truth values T,F to the atoms in PS. I will be represented by the set of its
satisfied literals. The main features of our PQCL logic are :

e The semantics of any formula is based on the degree of satisfaction of a formula in a
particular model I. If an interpretation I satisfies a formula ¢, then its satisfaction
degree should be unique. We will use the notation [ )NfQCLqﬁ to express that [
satisfies ¢ to a degree 1.



e Negation: Negation should be as a close as possible to the one of propositional logic.
In particular, a double negation of a given formula should recover the original formula,
namely we want —(—¢) to be equivalent to ¢.

Note that one cannot simply define I'~;—¢ iff “I~;¢ is not true”. Indeed, this implies
that the satisfaction degree of a negated formula is not unique (which is not desirable).
Namely, if one accepts Ifv;—¢ iff Ip~;¢ is not true, then if a given interpretation I
satisfies ¢ to a degree 1 (namely, I|~1¢), then this means that Ifve—¢ and Ip3—¢
are valid (since Ifo—¢ and If3—¢ are not valid), hence —¢ is satisfied to different
degrees which is not desirable.

An additional feature is that the negation should be decomposable with respect to
the conjunction and the disjunction, and it should satisfy De Morgan law.

e Prioritized preferences: Our PQCL logic should deal with prioritized preferences,
encoded by means of a prioritized conjunction (resp. disjunction). For instance,
an agent who provides the two preferences : 7 I prefer AF to KLM”, and ” I pre-
fer a Windows seat to a Corridor seat” which we can formulate by ”(AF X KLM)
A(Windows x Corridor)” may consider that (AF X Windows) is more important than
(KLM X Corridor).

4.1 The PQCL Inference relation

Before formally defining "?¢L | we need to introduce the notion of optionality, which is
a revised version of the one given in [1].

Definition 1 (Optionality) Let ¢1 and ¢ be two formulas in QCLpg. The optionality
of a formulas is a function that assigns to each formula a strictly positive integer.

e opt(A) =1, A is a atom.

o opt(¢1X¢2)= opt(d1)+ opt(pa).
e opt(1 A ¢2)= opt(¢1)x opt(¢2).
o opt(¢1V d2)= opt(¢1)x opt(¢z).
o opt(=(¢1)) = opt(¢r).

The optionality of a formula indicates the number of satisfaction degrees that a formula can
have. The main difference with the original definition of optionality given in [1] concerns
the three last definitions of optionality. In particular, in [1] opt(—¢) always equals 1 (since
—¢ is equivalent to a propositional formula). In our new logic —¢ has the same optionality
as ¢. Note that the optionality of a propositional formulas is equal to 1.

The justification of optionality degree is directly related to the definition of of satisfaction
degrees associated with interpretations. Let us explain, when dealing with prioritized
preferences, why there are opt(¢1)x opt(¢2) options to satisfy (¢1 A ¢2). First, opt(¢r)



(resp. opt(¢2)) means that ¢; (resp. ¢2) can be satisfied to a degree 1(first option of ¢1),
to a degree 2(second option of ¢1),...,to a degree opt(¢1)(the last option for ¢), (resp. 1,
2,...,0pt(¢2)). Intuitively, given (¢1 A ¢2), the best and preferred solution is the one which
satisfies the first option of ¢ and the first option of ¢o. Then the second preferred solution
is the one that still satisfies the first option of ¢1, but only satisfies the second option of
¢2. And more generally, an interpretation w is preferred to an interpretation w’, if :

1. either w satisfies ¢; to a degree i, and w’ satisfies ¢ to a degree j with j > i, or

2. both w and w’ satisfy ¢; to a same degree, but the degree on which ¢; is satisfied in
w is lower than the degree on which ¢y is satisfied in w’.

Clearly, there are opt(¢1)x opt(¢p2) options to satisfy ¢1 A ¢2. And the worst solution is
the one which satisfies ¢; to a degree equal opt(¢1) and ¢2 to a degree equal opt(¢p2).
Given these optionality degrees associated with formulas, we are now able to define "@CL,
This is given by the following definition.

Definition 2 (The satisfaction relation) Let ¢1,¢2 be two formulas from QCLpg.
Let I be an interpretation. The following items give the definition of a satisfaction degree
k of a formula ¢1by I, denoted by IPNPQCL

1. IthCL aiff k=1 and a € I (for propositional atoms a).
2. IkkaQCL—'a iff k=1 and — a € I (for propositional atoms a).

3.1 PVPQCL(gbl X o) iff (IFNPQCLgb ) or (II’\‘fL)QCquQ and there is no m such that IF\J%QCL@,
and k = n + opt(¢p1)).

4.1 PVPQCL(% V ¢2 ) iff one of the following cases is satisfied :

(a) (TP ) or (TWP9Lg,) and k = 1.

(b) (There exists i > 1, IPVPQCqu ) and [ A m such that [ PPQCL ¢2], and k = (i-1)
x opt(dz) + 1.

(c) (There exists i > 1 such that I|~PQCL or A 1, such that IleQCL ¢1) and
(there is j > 1, IthCLgb ), and k = j.

5. Ihy O (91 A ¢) iff Te! 99" (1) and TT9F (o) and k =(i-1)x opt(p2) + j.
6. Ty P (61 V §o) iff Ty PP =gy A =g
7. Ipp Q9T (1 A @) iff Thop @ =gy Vv =a.

8. Iy I (@15 g0) Hff Thy @ 1 X



9 IPVPQC’Lﬁ(ﬁ(m) 1ff IINPQC’L
Let us explam the definition of our mference relation. Items (2), (6), (7), (8), (9) deals with
the satisfaction of negated formulas. They simply say that the negation is decomposable,
and satisfies De Morgan rule. Items (5) and (6) deals with the satisfaction of conjunction
and the satisfaction of disjunction. Clearly, they deal with prioritized preferences. The way
the degree is defined on ¢ A ¢9 reflects some lexicographical ordering between individual
satisfaction degree of ¢ and ¢o. Namely, given two interpretations I, I’ then I is strictly
preferred to I’, if :

1. either If~;¢1 and I'pvj¢p with ¢ < 7,
2. or (I|NZ'¢)1 and I,|Ni¢)1) and (Il’vkgf)g and I,|Nl¢)2 with k& < l)

Example 2 Let us illustrate the inference relation of PQCL by the following example. Let
¢ = (AFXKLM) A (WXC), and I = {KLM,C}. The formula ¢ is of the form (¢1 A ¢2)
with ¢p1 = (AFXKLM) and ¢o = WXC.

We have I)N].‘DQQCL and I)NPQCLQZ)Q (by using item (3) of Definition 2). Thus, applying
item (5) of Definition 2, we obtain I%PQCLQS and k = (i-1)xopt(p2) + 5 = 4.

Comparing to the original QCL inference relation defined in [1], only the item (1) and
the item (3) are the same. All others are different. Namely, our definition of negation,
conjunction and disjunction are completely different. However, there is situation where
QCL and PQCL collapse. It is when restricting to propositional or basic choice formulas,
more precisely :

Proposition 1 1. Let ¢ be a propositional formula, and I an interpretation, then :

INPY e iff I 9P iff T ¢

2. Let ¢ = ayXasx ...Xa, be a basic choice formula namely, a; are propositional
formulas, then : I]NQCqu ﬁI}wPQCL ¢ iff I = a1VasV..Va, and k = min{j|I = a;}.

Namely, a basic choice formula a;XasX ... Xa, is satisfied to a degree k by an interpreta-
tion [ if I satisfies aj but fails to satisfy a; for all 1 <i < k.

The above proposition shows that our definitions of disjunction and conjunction extend
the ones of classical logic when they are applied to propositional formulas. But of course
they are non-classical since they can be used on non-propositional (general QCL) formulas.
Now, we define an inference relation between a PQC'L theory and a propositional formula.
It follows the same steps defined in [1]. Let K be a set of propositional formulas which
represents knowledge or integrity constraints, and let T" be a set of preferences. We need
to define the notion of preferred models.

Definition 3 Let MP"*(T) denote the subset of formulas of T satisfied by a model M to
a degree k. A model My is K UT-preferred over a model My if there is a k such that
| MET)| > | ME(T)| and for all j < ki | Mi(T)| = | MJ(T)|.

M is a preferred model of K UT iff :



1. M is model of K, and
2. M is mazimally (K UT )-preferred.

The following definition gives the inference relation between ( K UT') and a propositional
formula ¢.

Definition 4 Let K be a set of formulas in PROPps and T be a set of formulas in
GCFpg, and ¢ be a formula in PROPpg.
KU TkvaCLd) iff ¢ is satisfied in all preferred models of K UT.

The following contains an example which shows that PQC L overcomes one the limitations
of QCL advocated in the introduction. Note that if one wants to express that ¢, ¢ are
equally really, then it is en-ought to separately put them in T'.

Example 3 Let us consider the example given in the introduction where our knowledge
base K contains ~KLM V—AirFrance (1) and T contains the following preferences:

—(AirFrancex KLM) V Hotel Package (2)
—(K LM X Air France) V ~Hotel Package (3)
AirFranceX KLM  (4)

To give the preferred model of K UT, we should firstly give the satisfaction degree of
the formulas (1), (2), (3) and (4) for each interpretation, so for instance, by using
Definition 2. Let I = {AirFrance, hotelpackage}, We have I |= —=KLM V—AirFrance,

I PvaCLAirF rancex K LM (using Proposition 1).

Consider now the preference (2), namely —(Air Francex KLM) vV Hotel Package. Using

item (8) of Definition 2, we get IPVQPQCLﬂ(AirFrance XKLM), and

IkvaCLHotelPackage. Using item (4)-a of Definition 2, we get I)NfQCL(ﬂAirFrance XKLM)V
Hotel Package. Similarly, we also have I)NfQCL—'(KLM X Air France) V =Hotel Package,

since IkvaCLﬂ(KLM X Air France).

The following truth table summarizes for each formula (1), (2), (3), (4) from K and

T we are interested in, whether it is satisfied (T) (to some degree) or not (-) by a given
interpretation.

AirFrance | KLM | Hotelpackage | (

(2) (4)

[y A A N A
W=~~~ N

[
[y

~~
~| P oo~~~
"

B 1 -
Table 1: The models of K UT by using PQCL.
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In original QCL logic, K UT is declared to be inconsistent. With our PQCL logic,
K UT has one preferred model (bold line), I = {AirFrance, Hotelpackage}, from which
we obtain the expected conclusion K U T}VPQCLHmfelpackage.

5 Normalization form

In this section, we show that any set of preferences, can equivalently be transformed into
a set of normal form preferences, which are simply basic choice formulas.

We need to introduce the notion of equivalence between two formulas in QCLpg. It is
given by the following definition:

Definition 5 Two QCLpg formulas ¢1 and ¢o are said to be equivalent, denoted simply
by o1 = ¢, if:

e For all interpretation I, and integer k we have I}w,I:QCqul iff IlkaPQCqug.

[ Opt(d)l) = Opt(gf)g).

The following introduces a normal form function, which associates with each general choice
formula, its corresponding basic choice formula. This normal form function, denoted by N/,
will allow us to transform any set of preferences into a set of basic choice formulas. This
is very important from computation point of view, since it allow us to reuse various non-
monotonic approaches such as possibilistic logic [10] or compilation of stratified knowledge
bases [16].

Let ¢ be a formula in QCLpg, let ¢1 = a1XasX ... Xay, and ¢g = by XbaX ...

Xby, be two basic choice formulas. The idea in defining the normal form of ¢, denoted by
N (@), is very simple. If ¢ is of the forme ¢ Xpa (resp. —p1, ¢1 A ¢a, @1V ¢2) then N(¢)
is simply the result of applying X (resp. —, A, V) to the normal form of its components.
Namely:

L N(=¢1) = N(=N(¢1)).

N(
2. N(¢1 A ¢2) = N(N (1) AN (¢2)).
N(#1V ¢2) = N(N (1) V N(¢2)).

4. N(dr1X2) = N(N (1) XN (42)).-
If ¢ is already a basic choice formula, then N (¢) is always equal to ¢, namely

5. V¢, € BCFps,N(¢1) = ¢1.
Hence, it only remains to define N (¢1 A ¢2) (resp. N(¢p1 V ¢2), N(=¢1)) where ¢y
and ¢9 are normal form. This is given by items 6, 7, 8. Namely:

— —

6. N(¢1A¢2)E 011>?...>?c1m>? 0212...X Csz cnlx...icnm, with Cij = a; N\ bj.



7. N(¢1V¢2)E d11>?. X dlmi d21>? X d2m>? dp1X ... X dpm, With dij = a;V bj.
8. N(_\Qﬁl) = —ap >?—|a2>_<’...>?ﬂan.

Property 6 confirms the meaning of prioritized conjunction. Indeed, assume a; XasX ... Xa,
denotes a preference of a user A, and by XbyX ... xb,, denotes a preference of B. Apply-
ing, prioritized conjunction allows to select solutions that privileges A. For instance, a1b,
(which represents the best choice for A and the worst choice for B) is preferred to asby
(which represents the best choice for B and the second choice for A).

Proposition 2 Let K be a set of propositional formulas and T be a set of general choice
formulas. Let T be a set of basic choice preferences obtained from T by replacing each ¢

in T by N(¢), then Vo, K UTRTRCL iff K U T WFPRELN ().

A sketch of proof is provided in the appendix.
As a consequence, for any formula in QC Lpg, we have two possibilities to implement it:

1. Using a relation of satisfaction on general choice formulas, as indicated in Definition
2, or

2. Normalize or generate a set of basic choice formulas from any set of preferences, we
then apply the inference relation from BCF theories as indicated in Proposition 3,

Example 4 Let us illustrate Proposition 7 by the following example. Let ¢ = ((axb) V
—c) A (exXb), and I = {b,c}. We use two different ways to give the satisfaction degree of
this formula.
1. We normalize the set of preferences into a set of normal form preferences :
The formula ((aXb) V =c) A (eXb) is a general choice formula, thus using the normal
form function, we have
N(((a Xb)V =e) A (exb)) = N(N ((a Xb)V =c) AN (c Xb)),
= N([(a vﬂc)i(bv =c)] A (c>?b))
= N([(a V=c) A c]x [(a\/ —c) /\b] [(b V=) A X[(bV =e) AD)]),
= (a Ne)X((aV —c) AD)X(bAc)X((bV —c) Ab)
The obtained formula is a basic choice formula, using Proposition 3, we have I

K (aAe) and I - ((aV =) Ab) but T = (bAc), thus T i 9“Lg

2. Now, we use directly Definition 2 :
The formula ¢ is of the form (¢1 A ¢2) with ¢1 = (aXb) V ¢ and ¢o = cXb.
We have IleQCL@ The formula ¢, is of the form ¢ V ¢ with ¢’ = axb and
¢" = —c. So we have I~ QCLaxb and I = —c, then I%PQCL ¢ and i = (V-
1)><0pt(¢") +1=(2-1)x 1 + 1 2. Lastly, we apply item (5) of Definition 2 we
obtain, I|~k QCL ¢ and k = (i-1)xopt(p2) + j = 3. Hence, we get the same result.
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6 Conclusions

The problem of representing preferences has drawn attention from Artificial Intelligence
researchers. The paper on preference logic [17] addresses the issue of capturing the common-
sense meaning of preference through appropriate axiomatizations. The papers on preference
reasoning [11, 12, 6] attempt to develop practical mechanisms for making inference about
preferences and making decisions. A principal concept there is Ceteris Paribus preference:
preferring one outcome to another, everything else being equal. The work on prioritized
logic programming and non-monotonic reasoning [3, 14, 15] has potential applications to
databases. CP-nets [6, 8] use Bayesian-like structure to represent preferences under again
Ceteris Paribus principle. However, in the majority of theses works, the negation in the
context of representing preferences is not discussed, and few of them integrated prioritized
preferences.

In this paper, a new logic for representing prioritized preferences has been proposed. This
logic is characterized by new definitions of negation, conjunction and disjunction that are
useful for aggregating preferences of users having different priority levels and overcome the
QCL limitations. It generalizes the way the inference is done by presenting an inference
framework based on normal form function or directly by using the satisfaction relation.

A future work is to apply our methods to alarms filtering. Indeed, existing alerts corre-
lations and alerts filtering do not use take into account administrator’s preferences. Our
PQCL will be basically use to compactly represent administrator’s preferences, and will be
use to rank-order alerts to be presented to netwok administrator.

Appendix. Proof of proposition 7
For sake of space, we can only give the sketch of proof of the conjunction and disjunction.
Let (151 = a1>?a2>? e Qan, and gbg = b1>?b2>? . ;bm

1. Let us give the proof of I%fQCL(Qf)l A ¢2) it T = N (p1 A ¢2).
Recall that : N(¢1 VAN ¢2)E 011; X Clmg 6212 X Cgmg X Cnl
X ... X Cpm, With cij = a; N bj. Let us consider different cases of satisfaction of
a;'s and b;'s by the interpretation I.

e Suppose that there exists i > 0 and j > 0 such that I |=; a;X...X a, and
I |Ej biX...X by, this also means that I = —a; A ... A ~a;—1 Aa; and I |=
by A LA —|bj,1 VAN bj.

This means that I falsifies { c11,..., Clm, €21,y Comy-vny Cily-v -y ci(j_l)}, but
I satisfies ¢;j(= a; A bj). We have (i-1)xm + j -1 items which are not satisfied
before satisfying (a; A bj). So, this means that I |= C11X ... X ClmX Co1
X .. X ComX Ca1X ... X Cpm, namely I = ¢1 A ¢g and k = (i-1)xm + j.
Hence using item (5) of Definition 2, we can check that we also have K U
Tt 9% g1 A ¢y and k= (i-1)xopt(da) + j.

e There is no i such that I =; a;X...X a, or there is no j such that I =

11



biX ...X by, . This means that I either falsifies all a;’s, or I falsifies all bi's.
Thus I falsifies ¢;; ( = a; A bj), namely there is no k such that I =5 (¢1 A ¢2).
Hence K UT fPRCLp A ho.

2. Let us give the proof of I%fQCL(Qf)l V o) iff T = N (1 V 92).
Recall that : N(¢1 V ¢2)E d11>? X dlmg d21>? X d2m>? X dn1
X ... %X dpm, with dij = a; V b;. Let us consider different cases of satisfaction of
a;'s and b;'s by the interpretation I.

e Suppose that there exists i > 0 or j > 0 such that I &=; a;x...x a, and
I'=; by X ... X by,. This means that there exists k > 0 such that I Er di. We
can distinguish different cases :

- Ifi=1orj=1, then I satisfies { d11, di2,..., di(j—1), dij,---, dim,
da1, ... d;1} but I falsifies the rest of items. In this case, the first satisfied item
is dlla thus 1 ):1 d11>?... >_<) d1m>_<) d21>?... >? d2m§ >? dn1§ ; dnm
Hence I =1 (¢1V ¢2).

Using item (4)-a of Definition 2, we can check that we also have K U
Tt 91 v ¢ and k =1.

- Ifi>1orj> 0, then I falsifies { dii, dia,. .., dl(j—1)7 dot1, ..., dg(j_l), e iy ey di(j—l)}
but I satisfies { di;,..., daj,..., dij}.

In this case, we have (j-1) not satisfied items before the first satisfied item
dlj, thus [ ’:j d11>?... ; dlm;é d21>2... >? d2m>? >? dnl;e--- >? dnm-
Hence 1 ):j (¢1V P2).

Using item (4)-c of Definition 2, we have K U TlfvaCLd)l V ¢9 and k =j.

e There is no i such that I a1X ... X ay and there is 7 such that I ):j
byX ... X by,. This means that I = —-ay Ao A—-ai—1 A—a; V...V —ay and 3§ >
0 such that I = —by A ... A =bj_1 Abj.
This also means that [ falsifies { di1,..., dij_1), -, da1,.- -, dagj—1) - -» d—1)G—1)}>
but I satisfies the items {d1;, daj,..., d(;_1)j, dij}. So, di; is the first satisfied
item and all the items before dq; are not satisfied, namely we have at least
(j-1) not satisfied items before the first satisfied item (a; V b;), this means
that I B, diiX...xX dipX dogX ... X dopmX ...X dpiX...X dpm, hence
I'j (¢1V ¢2).
Using item (4)-c of Definition 2, we have also K U TlkaPQCL (41V ¢2), and k =
j-

e There is i such that I | a1X...X a, and there is no j such that I |=;
biX ... X by. This means that there 3 i > 0 such that I = —a;
wedge... AN ~a;—1 A a; and A j such that I |= =by A ... A —bj_1 A —bj.
This means that I falsifies { dll, ceey dl(j—l)a dlj"'7 d21, ey d2(j—1)a dgj,
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ey d(ifl)(jfl)}’ but I satisfies the items {d;, ..., d(i)(jfl)v dlj} So, d;1 is the
first satisfied item and all the items before d;; (=a; V b1) are not satisfied,
namely we have at least (i-1)xm not satisfied items, this means that I =
dllg---; dlm;{ d21>?>? d2m>?>? dn1>?>? dnma so I ):k (¢1V¢2), and
k = (i-1)xm +1.

Hence using item (4)-b of Definition 2, we have also K UT|~kPQCL(¢1 V ¢2), and
k = (i-1)xopt(¢2) +1.

e There is no i such that I |=; a1X...x a, and there is no j such that I |=;
byX ...X by,. This means that I either falsifies all a;’s, I falsifies all bi's.
Hence I falsifies all d;; (= a; V bj).

Hence, there is no k such that I =4 (61 V ¢2), so K UT JFREL(py v ¢).
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